a0

N Waeése

N

IB Mathematics HL ceroner. |

‘T"

Topic 1 | Sequences and series

Theory card ﬂ

Front side

1 ‘G Topic 1 | Sequences and series O O O

A number sequence is a set of numbers defined by a rule. The rule is often
a formula for the general term or nth term of the sequence.

A sequence which continues forever is called an infinite sequence.

A sequence which terminates is called a finite sequence.

Arithmetic Sequences
e cach term differs from the previous one by the same fixed number
® Upi1 — U, =d for all n, where d is the common difference
e the general nth term is  u, = u3 + (n — 1) d.

Geometric Sequences

e ecach term is obtained from the previous one by multiplying by the same

non-zero constant

Untl
Un

o the general nth term is u, = u;r" L.

=r for all n, where r is the common ratio

* | @ Hsquared Education GmbH Mathematics HL

Back side

1 ‘G Topic 1 | Sequences and series

Compound interest at i% per compounding period gives a geometric

100
where n is the number of compounding periods.

sequence with common ratio (1 + L), which is raised to the power n,

Series

A series is the addition of the terms of a sequence.
ki3
For a finite series with n terms, the sum S, = > ug = ug +ug+.... + Un.
k=1

For a finite arithmetic series, S, = g (v +up) = g(2u1 + (n —1)d).

up (P —1)

For a finite geometric series, S, = o a4 # 1.

o

For an infinite series, the sum ) wuj can only be calculated in some cases.
k=1

The sum of an infinite geometric series is S = ;luTlr provided |r| < 1.

If |r| > 1 the series is divergent.
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a | us =11 and u12 = 53
coour+4d=11 and wuy + 11d =53
. (u1 + lld) — (u1 +4d) =53—-11
: : . L Td=42
a@ An arithmetic series has terms us = 11 and w2 = 53. e
i Find the first term u; and common difference d. and w3 =11—4d=—13
Il Find the 22nd term uos. ii up =u + (n—1)d
fiil Find the sum of the first 22 terms of the series. " ugy =ug +21d = —13 + 21(6) = 113
o0 —m _ E
b An infinite geometric series is defined by ) 2 (%)k. " Sn =5 (w1 +un)
=1 < Spp=22(—13+113) = 2 x 100 = 1100
i Find the first term u; and common ratio 7. - . .
ii Find the sum of the series. b | 1:2—:1 2(3)" has general term  up =2 (j)
- n—1
1 -1

w uy=1 and r=1.

ii Since |r| <1, the series converges.
1
u 2
S = 1= 2

1—r 1l 3
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a Tobias’ account balance forms a geometric sequence with

up = 1600 and r= (1+ £8) =1.048.

I On December 1st 2022, 7 compounding periods have

passed.
a Tobias invested €1600 on December 1st 2015. His investment earns fixed coug=ul X1
interest of 4.8% per annum, compounded annually. = 1600 x 1.0487 ~ €2221.51
What will the investment be worth on December 1st 20227 il The investment reaches €5000 when

1600 x 1.048™ = 5000

. n _ 5000 _ 25
. L048" = 7550 = %

i
il How many years will it take for the investment to reach €5000?

oo
b Consider the series Y. 8(z + 1)1, - n~243 {using technology}
k=1 it will take 25 years for the investment to reach
i For what values of z will the series converge? €5000.
ii Evaluate the sum of the series when = = —0.2. b i The series is geometric with first term u; = 8, and

common ratio r =z + 1.
The series converges provided |r| <1

Lo 2<z<0
ii When = = —0.2, the series converges with
u1 8 8

sum S=-—=—— =" =40
* | @ © Hsquared Education GmbH Mathematics HL 1B l-r 1-(-0241) 0.2



IB Mathematics HL SMARTPREP-

W

Topic 1 | Sequences and series

Question side

4 ‘7 Topic 1 | Sequences and series O O O

Question cards

Answer side

4 ‘ | Topic 1 | Sequences and series

Waeése

2 X o
Q[I,emo\\

@

Find the sum of all integers between 30 and 90 (inclusive) which are not
divisible by 3.

* | @ Hsquared Education GmbH Mathematics HL 1F

The sum of the integers between 30 and 90 which are not a
multiple of 3, is (30 + 31+ 32+ .... + 89 + 90)
—(30+ 33 +.... + 87 + 90).

Now, 30+31+32+.... -89+ 90 is an arithmetic series with
u; =30, n=061, and u, = 90.

Sp = g(ul +un)
. Se1 = 81(30 +90)
= 3660

Now, 30+ 33 +.... + 87+ 90 in an arithmetic series with
u; =30, n=21, and u, =90

. S21=2(30+90)
= 1260

-, the required sum = 3660 — 1260
= 2400
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A sequence is defined by u, =8 (%)n_l.
a Prove that the sequence is geometric.
b Find the 4th term in rational form.

¢ Find, correct to 3 decimal places where appropriate:

0 15
n=1 n=1

* | @ Hsquared Education GmbH Mathematics HL
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3 n
a Yntl _ 8(1)

n—1
"os(y)
3

=3 foralln
', the sequence is geometric with common ratio r = %.
3
b w=8(3
-8 (%
o
8
o) e 15
[ 4 | Zun= L (] Eun=515
n=1 1-r n=1
0 I3
3 _u(r™=1)
_ 8(1) Now, S”_ir—l
1-3
3 s(ro-1)
-8 LS E g
1 -1
1
~ 31.572
=32

1FB
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a A geometric sequence has consecutive terms k —2, 2k, and k2. Find
the value of k.

b A sequence is defined by u,, = %, neZt.

i Prove that the sequence is arithmetic.
i Find the 20th term.

30
il Find ) u,
n=20
¢ Aretha deposits €120 in an account on February 1. The account pays
compound interest of 3.4% per annum, compounding monthly on the last
day of each month.
i Find the value of the fund after interest is deposited on May 31.
i Write an expression for the value of the fund after k years.

i
ii Hence find the value of the fund after 15 years.

1FB
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a Since they are consecutive terms, k—z =% i
B = {equating Tatios}
LRk -2) = (2k)?
L R —2k? = g2
Lk —6k=0
o KAk —6) =0
If k=0, the terms of the sequence are

If k=6, the terms of the s 2 0, 0, which are no geometric,

equence are 4, 12, 36, which are geometric with commpo,
n

o3 - k—g

b i 3—2n
Ty = & %

i 4 oy =320y and d=_1

i —_1

. . 3-2 3

L "":%—Lf’" Now u, =y 4 (n— 1)q
=3-2-2-349 uz":%‘*w(“%):*%
1

=-1 forall nez+
- Consecutive terms differ by — 1
;o the slequence is arithmetic wﬂ?h’
=-1
i 2
i ﬂ_ZMun =830 — Sy
= 30
=30191
=% RGE)+29(-1 - (2() +18(-3)]
= (-210) - (-80.75)
=-129.25
€ Rate =3
Ale per month = 497 — 17 1 R=gf+100= 17
i After4 months, her amount is e
120(1 + R) + 120(1 4- R)?
0(1 - 0(1 4 +120(1 + R)3 4 1291 &
which is geometric with u; =120(1 + R) and 7(' =+II? R
So, 8, =120(1 a+mt-y |
1 (1+R) m} ~ €483.41
il After k years or 1% months,
Si2k =120(1 + B) | A+ R)'** ¢
R
. Siak & 42472.9 ([l 00;
_ -9 ([1.002 83312k _
i After 15 years, k=15 ] 1)
Sis0 & 42472.9 ([1.002 833]180 _ 1)
~ €28 200
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The z-intercepts of a function are the values of z for which y
e - :
are the zeros of the function. _
The y-intercept of a function is the value of y when z =0. N
- i e a
An ptote is a line that the graph approaches or begins to look li
asym

ity i i irection. '
infinity in a particular direc ' -
tEnd?l“tof} nd vz,‘tical asymptotes, look for values of z for which the
e To fin

is undefined.
> If y= %, find where g(z) =0.
g(z
» If y=1log,(f(z)), find where f(z)=0.

i i s £ — Foo.
e To find horizontal asymptotes, consider the behaviour a:

Mathematics HL
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Transformations of graphs
* y= f($)+b translates y= f(z) verﬁca]]y b units (upwards if b> 0).
® y=f(z—a) translates 3 — f(z) horizontally g ynits (right if ¢ > 0).
®* y=flz—a)+b translates y — f(z) by the vector ( g)
® ¥=pf(z),p>0 isavertical stretch of y = f(z) with scale factor p,
*Y=fle2),g>0 isa horizontal stretch of Y = f(z) with scale
factor 1.
q
® Yy=—f(z) isa reflection of 5 — F(z) in the z-axis,
® Y=f(-=) is a reflection of Y= f(z) in the y-axis,

"y e =10 s dretection of < 1) i e e
Y=z

Invariant points are the points which do not move under a transformatjon,
Graphs of modulus functions

To graph y — I£(@)], we reflect in the z-axis that part of the graph of
Y= f(x) which lies below the z-axis; the rest remains invariant,

To graph y — F{e]);the pact of the graph of 5 — J() which ties to ihie
tight of the y-axis is invariant, and this part is reflected in the y-axis,
Graphs of reciprocal functions
1 1
o If f(z)>0 then — ~ g, If f(z) <o then —_ <,
/(@) 7 . I f(z) e

z)

® When f (z)is a minimum, j%z) isa maximum, and vice versa.

® Zeros of f (z) correspond to vertica] asymptotes of le)

® Vertical asymptotes of f(z) correspond to zeros of (Lz)

® Invariant points occyr when f(z) = +1.
Graphs of rationa) functions
You should be able to graph a rational function of the form ¢ = %,
c#0 using transformations, and include its asymptotes,
Graphs of €xponential and logarithmic functions
The graph of Y =a" has the horizontal asymptote y =
The graph of Y =log,x has the vertical asymptote 7 — 0.
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Consider the function f(z) = e®.

a Find the equation of the resulting image when y = f(z) is:

I reflected in the z-axis
il translated by (%)

i stretched horizontally with scale factor %.

b Graph y = f(z) and each of the transformations in a on the same set

of axes.

* | @ Hsquared Education GmbH
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a | For a reflection in the z-axis, y = —f(z)
Loy = _e®
Il For a translation by (_31) , y=flz—-3)-1
L y= ez—S -1
Il For a horizontal stretch with scale factor %,
y = f(4z)
Loy= e4z

b

41F | 38F
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The graph alongside shows the function

fl@) =252,

T

a Explain why f(z) has no inverse function,
b State the asymptotes of y = f(z).

¢ Suppose g(z) =

"’”z‘zz, 0<z<4

Draw, on the same set of axes:

y=g(z), y=g(-z), y=—g(z),

y=g(z+2), and y=g ().
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a f(z) is not one-to-one, so it has no inverse.
b The asymptotes of y = f(z) are =0 and y=0.

y = < Y,

1

g(x)’

y = |g(z)|,

41FB | 34B
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a Domain = {z | z < 4}
Range = {y | y € R}
b fis y=3In(4-1x)
. flis z=3In(4—y)
% §=ln(4—y)
Consider the function f:z — 3In(4 — z). O
a State the domain and range of f. 5 g=d—gs
b Find f~1. < Ty z=4
¢ Graph y = f(z) and y = f~!(z) on the same set of axes. f(z)=3In(4—x) P
3
f_1($)=4—e§
y

* | @ © Hsquared Education GrbH Mathermatics HL 38F | 34FB |41B
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a Sketch the graphs of y =e?®* —1 and y = 2e®+ 2 on the same set of
axes.

b Find the coordinates of any points of intersection of the graphs.
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a AY
y=2e*+2
4 y=e*-1
= / y=2
- ; £
< v >
> —_—
v

b The graphs intersect when
e —1=2e"+2
s € —2"-3=0
(" =3)(e"+1)=0
. e®=3  {since " >0}
. z=In3
When z=1In3, y=2e"342=8
-, the graphs intersect at (In3, 8).
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3 —
Let g(z) = a:+:;'

a Sketch y = g(z), clearly showing any axes intercepts and asymptotes.

Hence, sketch y = ﬁ on the same set of axes.

b Explain what happens to y = ﬁ around z = —1.

¢ State the position of any invariant points.
d Explain what transformations can be used to produce y = g(z) from
1
Y=~

il,‘.

41FB
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b Si — .
Since ¢ = _1 18 an asymptote of y = g(x),

on the graph of y= WEVe
= ‘1 . He
@ 0 er, the graph crosses the axis either side of this

the point where 2 — =1 is not included

point,
¢ Invariant points occ 1
ur when Pk 9(z)
v lg@)P =1
2
. 3—=z
()

(3—.’;)“’:(1:4»1)2
2z;;+1 or 3—z=—g_1
=izt 0T
", the only invariant point is (1, 1).

d gz)=3-2_ —(z+1)+4
9(z) z+1—'#:‘1+ :—1
z

$o.if y=g(a), then y— _4__;
z+1 .

This is a translation by ( :;) from y

=

To ob |
0 obtain y = g(z) f =1

oy (z) from y= 2> We first perform a vertical stretch of y= 2 ith

factor 4. We then perform a translation o

- (:i ) of the resultant curve with translation



