Chapter 16

PROPERTIES OF CURVES

EXERCISE 16A |

1 a We seek the tangent to y = = — 222 + 3 b We seek the tangent to

at x = 2. 1
= = 5 =
When =2, y=2—2(2)%+3=-3 y=+z+1=22+1 at z=4.
When =4, y=+v4+1=3

the point of contact is (2, —3).

dy the point of contact is (4, 3).
Now — =1-—4x, soat z =2, dy 1
dzr Now — = ——, soat z =4,
dy dzx 2\/5
Fo1-8=-7 i 1
dx Qy 1
the tangent has equation de 2v4 *
y—(=3) . the tangent has equation
y+3=—-T(x—2) r—4 4
y:—7x+14—3 4y—12:l’—4
y=—Tx+11 Sody=x+8
4
¢ We seek the tangent to y = z% — 5z d  We seek the tangentto y = 7 at (1, 4).
at x = 1. 4 z
1
When z=1, y=13—-5(1)=—-4 Now y=—=4z" 2

Nz

the point of contact is (1, —4).

dy _3
d L2 = 2 =
Now —y:3m2—5, soat z =1, U odx 2 soat z=1,
dx dy .
d “Z=—2(172)=-
YW _3_5-_9 T 2(1 ) 2
dx N N )
the tangent has equation the tangent has equation
— (—4) voi_
Ehmk z—1
vl 4=-27+2
y—4=-2z
4=-2 2
Y+ T+ Y= 246
y=—2x—2
e We seek the tangent to f We seek the tangent to
3 1 1
y=——— =3z""—z7? at (-1, -4). y=3x2—-==3z2—2z~! at x=—1.
T T
d When z= -1, y=3(-12- 21-=4
Now Y _ 3z 2 4+2273 y =1 (=1
dz 3 9 . the point of contact is (—1, 4).
="+ soat (1,-4), d _
m2+x3 so at ( ) Now —y:6x+x2
dx
dy 3 2 1
E*_(,1)2+(,1)3 :6x+ﬁ soat © = —1,
dy 1
=-3-2 2 =6(-1)+ —— =-5
=_5 dx =D+ (—1)2
the tangent has equation .. the tangent has equation
y— (=4 _ _yv-4
ey S z—(-1)
z—(-1)
y+4=—5c—5 Soy—4=-5z-5

y=—52—9 oy=—be—1
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We seek the normal to  y = z? at (3, 9).

dy

Now — =2z soat z =3,
dx
dy 6
— =23 =6=2S8
7 =20 T

the normal at (3, 9) has gradient —%,
so the equation of the normal is

y_ngl
z—3 6
6y —54d=—x+3
6y = —x + 57
5
We seek the normalto y = T* T at
(1, 4). *
1 1
Now y =5z 2 —z2
d 3 1
—y:—%w_f—%m_f soat x =1,
dx
dy 5 (._3 1 (-1
2 (4) -4 ()
_ _5_1_
=-3-3=-3

the normal at (1, 4) has gradient 1,

so the equation of the normal is

y—4
P
Jy—12=z—-1
Jy=x+11

y:2w3+3x2712m+1
d
Y 62 + 62 — 12

dx

Horizontal tangents have gradient = 0
so 6z% 46z —12=0

otz —2=0
(z+2)(z—1)=0
r=—-2orz=1

Now at x = —2,
y=2(-2)%+3(-2) —12(-2) + 1
=21
and at « = 1,
y=2(1)°%+3(1)2-12(1)+1
=—6
the points of contact are (—2, 21) and
(1, —6)
the tangents are y = 21 and y = —6.

b We seck the normal to y = x® — 5z + 2

at T = —2.
When == -2, y=(-2)%—-5(-2)+2
=4
and so the point of contact is (—2, 4).
d
Now ) =322 -5 soat xr=—2,
dx
d
o322 -5=7
dx

the normal at (—2, 4) has gradient —%,
so the equation of the normal is

y-1

z—(—2) 7

Ty —28=—(z+2)

Ty =—x+26

1
We seek the normal to y = 8y/7 — -
T

at x = 1.
1
When z =1, y:8\/_—1—2:7
the point of contact is (1, 7).

1 1
Now y:8\/_——2:8x§—z_2
x

d

—y:4m_%+2x*3 soat x =1,
dzr

dy

— =4+2=6

dzx +

the normal at (1, 7) has gradient f%,

so the equation of the normal is

y_7:71
z—1 6
6y —42=—x+1
6y = —x + 43
1 1 _1
Now y:2\/5+ﬁ:2x2+:c 2
d—y:x_%flx_%:i7;
dz 2 VT oo 2z\/T
Horizontal tangents have gradient = 0
1 1
Ve 2z
2z —1
20\/T
20 —1=0
v=3

the only horizontal tangent touches at the
curve at (%, 2/2).
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¢ Now y=2z%+ka?—-3

d
& _ a2 + 2kx

dx
When z =2, @ =4
dx
6(2)% 4+ 2k(2) =4
24+ 4k =4
4k = —20
k=-5

4 a Now y=a2>4az+b

dy
2 — 9+
dl‘ ;I:da
Atz=1 Y_o4,
dx

the gradient of the tangent to the curve
at £ =1 willbe 2+ a.
However the equation of the tangent is

2c+y=6 or y=-—-2x+4+6
and so the gradient of the tangent is —2.
24a=-2
a=—4

So, the curve is y = 22 — 4x + b.
We also know that the tangent contacts the
curve when z = 1.

12 —4(1) +b=—2(1) +6

1—-4+b=14
b="7
a=—-4, b="T7
[ y:2w2—1
d
—y:4w
dx
. dy
at the point where * =a, — =4a
dx

the gradient of the tangent at the point
where = =a is 4a.

Also, at © =a, y=2a®— 1.
the tangent has equation
—(2a% -1
y—(2°-1) _ -
x—a

y—2a®+1=4da(z — a)
yf2a,2+1:4axf4a2
4ax—y:2a2+1

d Now y=1-—3z+12z%— 82>

d
Y _ 34 245 — 2422
dx p
When z =1, £ —_3424—24—=_3
dx

the tangent at (1, 2) has gradient —3
The tangents to the curve have gradient —3
—3 4 24z — 242% = -3

242% — 24z = 0
24z(z —1)=0
when =0 or z =1

when

So the other z-value for which the tangent to

the curve has gradient —3 is « = 0,

and when x =0, y=1—-04+0—-0=1
the tangent to the curve at (0, 1) is
parallel to the tangent at (1, 2).

y—1

This tangent has equation -3
or y=—3x+ 1.
b 1 1
b Now y=avr+—=azx2 +bx" 2
Vz
dy_a,-3_b,-3%
de 2 2
ato=a, W_0 (4—%) s (4—%)
de 2 2
-5()-3(5)
—2\2) 218
_a b
T4 16
the gradient of the tangent to the curve at
4da —
v—4 willpe &2 _fa—b
16 16

However the equation of the normal is
dr+y=22 or y=—4x+ 22
the normal has gradient —4.

the tangent has gradient <, and so

da—b
16 4
4da—b=14

b=4a—4 .. (1)
Also, at = = 4 the normal line intersects

the curve. Vi b
aVid+ — = —4(4) + 22

2+b 6
a - =
2

4a — 4

Consequently, 2a + =6 {using (1)}

2a+2a—2=6
4a =8
Sooa=2
andso b=4(2)—-4=4 {from (1)}
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a y=+v2zx+1
When z =4, y=4/2(4)+1=3,

so the point of contact is (4, 3).

dy 1 _1
Now — =2102c+1)72(2) = ——
Yz 2 (22 +1)72(2) 2z + 1
d 1

at x =4, & _

dr .\ /2(4) +1 -

the tangent has equation Y =

1
3

z—4 3
or 3y=a+5.
¢ We seck the tangentto  f(z) = L at
1 1-—3z
f(x) is a quotient where
u=x and v=1-3zx
u'=1 and o =-3
Foy ol
Now f/(z) = M {quotient rule}
v
1(1 — 3z) — z(—3)
/
r) = - o’
f(@) 1= 3272
_ 1
T (1 —3z)2
1
"(-1)= ———— =L
T =Gy —

the tangent has equation

v— (1)

P N/ I
xz—(—1) 16
16y +4=a+1
16y =2 —3
a W k th It ! t
e seek the normal to = a
) RRCEEEE
(1, 2)
As y:(a:2+1)72,
dy 2 _3 —4x
— = 2(x 1 2r) = ———
7 (" +1)7°(22) 1)
d —4
atw=1, Yo Y

dr  (1+1)3 8
the normal at (1, i) has gradient 2.
So the equation of the normal is
_1
Y—a -9
z—1
1_

y:2mf§

b y= =@2-2)7!
2—x
t 1 _ .
at x = — = = =
So the point of contact is (—1, %)
dy s 1
Now —2= =—1(2— )= —
Vo= = g
dy 1 1

S Ry il

the tangent has equation
_ 1
A |
x—(-1) °
Jy—3=z+1
Jy=z+4
d We seck the tangent to  f(z) =
(2, —4).
f(x) is a quotient where

u=a> and

at

1—

v=1-—=x

v =—1

u'v — uv’
2

2z(1 — z) — 2%(-1)

(1—=)?

_ 2z — 222 4 22 _2z-—z
1-2)2  (1-2)?

2(2) — 22 44 _0

1-22 1

As the tangent has gradient 0, it is horizontal.
its equationis y =c¢

Since the contact point is

v =2z and

Now f/(z) = {quotient rule}

f'(=)

2

(2=

(2, —4), the
tangent has equation y = —4.

1
y_\/3—2x 1
at r=-3, y= —— =

1
V3i—20=3) °
the point of contact is (—3, %
Now y=(3— 213)*%
d 3 3
Yo _13—20)3(-2) = (3-22)"%
dx d .
at z=-3, 2= (3-2(-3)"2
dx N
_0-5 _9-3_1
=92 =33%=21
the normal at (—3, ) has gradient —27.
So the equation of the normal is
1
Yy—3 _
z —(=3)
Yy — % = —27(z + 3)
242

—27
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¢ f(z) = Va1 - 2)?
Since  f(4) = VA(1 — 4)? = 18,
the point of contact is (4, 18).
Now f(z) is a product where
u=ax? and v =(1—x)?
u' = %x*% and v’ =2(1—2z2)(-1)
=-2(1—=x)
Now f/(z) = vw'v+uv’ {product rule}

Fl(@)=3e7 21— 2)? - 222(1 — z)
fli)=5-0-47- VA(2)(1—4)
= 19)-202)(-3) = &

the normal at (4, 18) has gradient f%.
So, the equation of the normal is
y—18
r—4 57
57(y — 18) = —4(xz — 4)
57y = —4x + 1042

22 -1
@)= 2z + 3
2
Since f(—1) = ;(—liﬁ; = % =0,
the point of contact is (—1, 0).
Now f(z) is a quotient where
u=xz>—-1 and v=2z+3
u =2z and o =2
Now f'(x) = Lzuz/
v
222z +3) — (22 - 1)(2)
n (2z + 3)2
f=1)
_2D)(=2+3) - (=12 -1)(2)
(2(-1) +3)?
20 -0,
(1)?

the normal at (—1, 0) has gradient %
So, the equation of the normal is
_y=0
z—(=1) 2

or 2y=x+1

7 The tangent has equation 3z 4+y =5 or y=-—-3x+5

the tangent has gradient —3 .... (1)
Also, at z =—1, y=-3(—1)+5=38
the tangent contacts the curve at (—1, 8) ... (2)
1 d 1
Now y=a(l —bx)2, so d_y = 2a(1—bx)”2(-b)
x

—3=1La(1+ b)*% (=b) {using (1)}

ab
Vv14+b

Using (2), (—1, 8) must lie on the curve

6 =

)

8=a\/14+b .. (4

8
= equating a s in (3) and (4
> Nies {equating (3) and (4}
6(1+b)=8b
6 4 6b = 8b
6 =2b
_ _ 8 _
b=3 and a= i 4
8 a flz)y=e"" 1
_ -1 y—-= 1
f1)=e .. the tangent has equation € - -
. . 1 r—1 e
the point of contactis (1, — ). 1
e
Now fl(m):_efm 6(y—;> :—(33—1)
FQ)=—et=-1 Loey—l=—r+l
e 1 Lo xtey=2
So, the gradient of the tangent is . or y=—-x 4=
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b y=In(2—2x)
sowhen z =—1, y=1n3
the point of contact is (—1, In3). . the tangent has equation y—In3 _ -1
Now dz 2= oo 3(y—In3)=—(z+1)
d 1 — = —p—
when o — —1, _y:__:_% 3y —3In3 rz—1
dz 2+1 - z+43y—=3mn3—1
So, the gradient of the tangent is —%.
¢ y=Invz . when y=—1, —1:%1nm
_ lnm% Inz=-2
_ -2
= % Inx r=e
1 1
T=— . the point of contact is (—2, —1)
e e
d 1 1 d 1 2
Now & _ % — = —, so at the point of contact, &__- _&
dx x 2z dr  2e—2 2
2
2
the tangent has gradient % and the normal has gradient -——
e
1 2
the normal has equation vt e b
1 e2
-3
9 1
Loyt =-2(z—-—
e

2
62y+62:—2x+—2
e

2 2 2
2$+€2y:—62+—2 or y=—-——x+—-1
€ € €

_ cosx ~dy  (—sinz)(1+sinz) — cosz(cos )
v= 1+sinz odx (1 +sinz)?
_ —sinz —sin’z — cos’ @
N (1+sinx)?
—1—sinz . 9 5
= — sin“x 4+ cos“x =1
(1+sinz)? { }
~ (14sinx)
" (1+sinxz)?
-1
" 1+4sinz
Since _— never equals 0, there are no horizontal tangents.
1+sinz
d dy 1
a =sinz — =cosz b =tanz L= =
Y dx Y dr cos?z
d
When z =0, —y:COSO:l When z =0, @:;:1
dz dr  cos?20
the tangent has equation =1 -0
& q the tangent has equation Y 0 =1
or y==z v





