Chapter 9

MATHEMATICAL INDUCTION

EXERCISE 9 /A NN

1 The nth term of the sequence 3, 7, 11, 15, 19, .... is 4n —1 for n € Z*.
2 a 3'=3 1+2(1)=3 Our proposition is:
32=9 14+2(2)=5 3">1+2n for n=2,3,4,5, ..
33 =27 14+203)=7 orforall n€Z", n>2
34 =81 1+2(4)=9
b 11'—-1=10 Our proposition is:
112 -1=121—1=120 11™ — 1 s divisible by 10 for all n € Z*

112 -1 =1331—-1= 1330
11 —1=14641 — 1 = 14640

¢ T"4+2=74+2=9=3x3
72 4+2=494+2=51=3x17
73 +2=2343+2=2345=3 x 115
74 42 = 2401 + 2 = 2403 = 3 x 801

4 (-1
(A-Hu-D=1x3-13
1-Ha-Ha-4=4x
1-Ha-Ha-Ha-H=4x2

Our proposition is: (1 — %)(1 — %)(1

Our proposition is:
7" + 2 is divisible by 3 for all n € ZT

1 1
%)....(1— ):— forall neZ*

n+1 n+1
3 a 2=2=1x2 Our proposition is:
244=6=2x3 244+6+8+10+....42n =n(n+1) forall ne€Z*
24+446=12=3x4
2444+6+8=20=4x5 N nth term
2444+6+8+10=30=5x6 o Y 2i=n(n+1) forall neZt
i=1
b 1l=1

+2x20=1+2(2)=5
I'+2x2043x3=1+4+4+18=23
I'4+2x2043x3+4x4 =1+4+18+ 96 =119

where each number result is 1 less than a factorial number

1=2—-1 Our proposition is:
5=3—-1 V+2x214+3x31+4 x4+ .. +nxnl=n+1)-1
23=41-1 forall n € Z*
119=5!—1 n
Yixil=(n+1)!—1 forall n€Z"
=1
1 1 20-1 ’
[4 —_—= - = —
21 2 21
1+271+2 5 31—1
20 312 6 6 3
1+2+371+2+372374!71
200030 4 2 6 24 24 4!
1+2+3+4_1+2+3+4_119_5l—1
2031 4 51 26 24 120 120 5!
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Our proposition is: — + — + — 4+ — + ... = forall n€Z*
prop TR TR TR N ae Ry prae Y
” ] -1
> .Z :(n+) forall n € ZT
ZGrDl  (nr)
1 1 . . .
d = — 10, 16, 22, 28 is arithmetic
2T5 101 D s 1 with ug = 10, d =6
75 5_|_5 8:1_0+4_O:E:§:1_6 Un =u1 + (n—1)d
x x =10+ 6(n— 1)
bt o1t 13 6na
2x5 5x8 8x11 10 40 88 22
LENNNE SN SRR SRR SN
2x5 5x8 8x11 11x14 7 28
Our proposition is:
1 1 1 1 1 n
+ ... = forall n ezt
2x5 5x8 8x1l 1lx14 +(3n71)(3n+2) 6n + 4
{2, 5,8, 11 are arithmetic with w1 =2, d=3 .. upn=2+(n—-1)3=3n—-1}
n
1
> = — =" forall nez*
= Bi—1)3i+2) 6n+4
4 For n=1 For n=2 For n =
T =3=2x1+1 To=5=2x2+1 T3 =7T=2x3+1

Our proposition is:  The maximum number of triangles for n points within the original triangle is given
by Tn,=2n+1 forall neZ".
5 a n=4

2
6

b When n=1, C;=1=2°=21"1 <
n=2 Cy=2=2'=22""1
n=3, C3=4=2>=2%""1
n=4, Cq1=8=2%=2"""1
n=5 Cs=16=2"=25"1

So, from the cases n = 1, 2, 3, 4, 5,
our conjecture is:

The number of regions for m points
placed around a circle is given by

Cp =2""1 forall nezZt.

By the conjecture we expect
26—1 — 25 — 32 regions, but there are only 31.
So, we no longer believe the conjecture.
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EXERCISE 9.1 [N

1 a If n=0, 3" +1=23%4+1=2 which is divisible by 2.
3"+1=01+4+2)"+1

=1"+(M)2+(5) 22+ (5) 2%+ + (") 2"+ (M) 2m +1
=2+ (M) 2+ (3)22+ (3) 2%+ + () 2n T+ (1) 2m
=201+ (1) +(5)2+(B) 2+ + ()2 2+ (R) 2

where the contents of the brackets is an integer.
3™ + 1 is divisible by 2.
b P, is: 3™+ 1 isdivisible by 2 for all integers n > 0.
Proof: (By the principle of mathematical induction)
() fn=0 3+1=2=1x2 .. Pyis true.
(2) If Py istrue, then 3% +1 =2A where A is an integer, and A > 1.
Now 3F+1 41 =313F 41
=302A—-1)+1 {using P}
=6A—-3+1
=6A—2
=2(8A—1) where 3A—1 isanintegeras A € Z
Thus 3K+1 4+ 1 is divisible by 2 if 3% + 1 is divisible by 2.
Since Py is true, and Pjq is true whenever Py is true,
then P,, is true for all integers m > 0 {Principle of mathematical induction}

2 a If n=0, 6"—1=6%—1=0 which is divisible by 5.
" —1=(5+1)" -1

=5 (1) 5 ()5 (3) 5 e ()51

n—1
=5 (1)5 4 ()5 (3)5 bt ()
=5 (1) (5) 5 (1) e (1)

where the contents of the brackets is an integer.
6™ — 1 is divisible by 5.
b P, is: 6™ — 1 isdivisible by 5 for all integers n > 0
Proof: (By the principle of mathematical induction)
() If n=0, 6°—1=0 which is divisible by 5 ... Py is true
(2) If Py istrue, then 6 —1 =54 where A €N
Now 6F+t1 —1
=6'6" -1
=6(5A+1)—1 {using Py}
=30A+6-1
=30A+5
=5(6A+1) where 6A+ 1 isanintegeras A € N
Thus, 6% — 1 is divisible by 5 if 6% — 1 is divisible by 5.
Since Py is true, and Py is true whenever Py is true,
then P, is true for all integers m > 0 {Principle of mathematical induction}
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3

a Ppis: n34 2n is divisible by 3 for all positive integers n

Proof: (By the principle of mathematical induction)
() If n=1, 13 +2(1) =3 which is divisible by 3
(2) If Py istrue, then k3 +2k=3A where A€ Z
Now (k+1)*+2(k+1)
=k®+3k% +3k+1+2k+2
= (k* +2k) +3k* + 3k +3
=3A+3k>+3k+3 {using Py}
=3(A+k?>+k+1) where A+k?+k+1 isan integer
as A and k are integers
Thus (k+ 1)3 +2(k + 1) is divisible by 3 if k3 + 2k is divisible by 3.
Since P is true, and Pj; is true whenever Py is true,
then P, is true for all positive integers n {Principle of mathematical induction}
Py is: n(n?+5) is divisible by 6 for all integers n € ZT
Proof: (By the principle of mathematical induction)
() If n=1, 1(12+5) =1x 6 =6 which is divisible by 6 .. P is true
(2) If Py is true, then k(k? +5) = 6A where A is an integer
Now (k4 D)[(k+1)2+5] = (k+1)(k* + 2k + 1+ 5)
= (k+ 1)(k* + 2k +6)
= k3 + 2k? + 6k + k* + 2k + 6
= k3 + 5k + [3k* + 3k + 6]
=k(k*+5)+3k(k+1)+6
=6A+6+4+3k(k+1)
We notice that k(k + 1) is the product of consecutive integers,
one of which must be even .. k(k+ 1) =2B where B€Z
(k+1)[(k+1)> +5] = 6A + 6 + 3(2B)
=6(A+1+B) where A+1+B €Z
Thus (k+ 1)[(k + 1)2 + 5] is divisible by 6 if k(k% + 5) is divisible by 6.
Since P is true, and Pj is true whenever Py is true,
then P, is true for all integers n € Z+ {Principle of mathematical induction}
P, is: 7™ — 4™ — 3™ is divisible by 12 for all n € Z*t
Proof: (By the principle of mathematical induction)
(1) If n=1, 7' —4! — 3! =0 which is divisible by 12 .. P is true
(2) If Py is true, then 7% — 4% — 3k =124 where A€ Z
Now 7h+1 _ gk+1 _ gk+1
=7(7%) — 4(4*) — 3(3%)
= 7T[12A + 4% 4+ 3%] — 4(4F) — 3(3F) {using Pi}
= 84A 4 7(4%) + 7(3F) — 4(4") — 3(3%)
= 84A 4 3(4%) + 4(3%)
=84A+3 x4 x4F 71 4 x 3 x3k!
=12(TA 441 4 3871y where k> 2, ke zZ*
=12 x an integer {as 47! and 3F~! are integers}
Thus 75+1 — 4k+1 _ 3k+1 s divisible by 12 if 7F — 4% — 3k is divisible by 12.
Since P is true, and Py is true whenever Py is true,

then P, is true for all n € Z* {Principle of mathematical induction}
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EXERCISE 9.2 [N

1
1 a P, is: 1+2+3+4+..,.+n:% forall n € Z*
Proof: (By the principle of mathematical induction)

1(2
(1) If n=1, LHS=1 and RHS:%:L P is true

(2) If P, istruethen 14+2+3+4+ ...+ k= k(k+1)

Thus 142+34+4+...+k+(k+1) ’
= @—i—k—o—l {using Py}
= k(k; L) + 2(k2+ D) {to equalise denominators}
= w {common factor of (k ;_ 1)}
_ kA D+ +1)
2

Since Py is true, and Py is true whenever Py is true,

then P, is true for all n € ZT {Principle of mathematical induction}

1 2
b Puis 1x242x3+43x4+ .. +nni1) = ntDe+2)

3 forall n € Z*

Proof: (By the principle of mathematical induction)

1(2)(3
(1) fn=1 LHS=1x2=2 and RHS = (?))():2, Py is true

(2) If Py is true then

1)(k + 2
1x2+2><3+3><4+....+k(k+1):w

1x24+2x34+3x4+...+k(k+1)+(k+1)(k+2)
_k(k+1)(k+2)

5 +(k+1)(k+2) {using Py}
_ k(k + 1;(’“ +2) + 3k + 1;(k +2) {to equalise denominators}
_ 4+ ‘; 2)(k+3) {common factor of (k+ 1)(k +2)}
_ Rk D(R+1]+2)
3

Since P is true, and Py is true whenever Py is true,

then P, is true for all n € Z* {Principle of mathematical induction}

1)(2n + 13
€ Pois 3x5+6x649xT+12x8 4.+ 3n(n+4) = Ut DCnF13)

2
forall n € Z*
Proof: (By the principle of mathematical induction)
1x2x(2+13 .
(1) If n=1, LHS=3x5=15, RHS = ¢ =15, . P istrue

2
(2) If Py is true, then

k(k +1)(2k + 1
3><5+6><6+9><7+....+3k(k+4):w
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Now 3X5+6X6+9x7+....4+3k(k+4) +3(k+ 1)(k +5)

kA DCRE1Y) g 1yk45)  {using P}

2
= Rk + 1)é2k +13) + 8k + 1;(k +5) {to equalise denominators}
= (k+ Dik(2k + 13) + 6(k + 5)] {common factor}
2

_ (k+1)[2k? 4 19k + 30]
B 2
_ (E+D(E+2)(2k+15)

2
_ (k+1)([k+ 1)+ 1)(2[k + 1] + 13)

2

Since P is true, and Py is true whenever Py is true,

then Py, is true for all n € Z+ {Principle of mathematical induction}

2 1 2
Ppis: 13423433 44% 4 ... 4nd = % forall ne€Z*
Proof: (By the principle of mathematical induction)
5 12(2)2 .
() If n=1, LHS =13 =1, RHS = =1 - P istrue
k2(k +1)2
(2) If Py istrue, then 13 +23 £33 + .. + k3 = %
Now 13428433+ . +k 4+ (k+1)°
k2(k+1)2
= % +(k+1)2  {using Py}
E2(k+1)2%  4(k+1)3
= ( : ) + ( 1— ) {equalising denominators}
kE+12[k24+4(k+1
= (k+ D 4+ (k+ L] {common factor}
(b +1)2(k% 4 4k + 4)
B 4
_(k+ 1)2(k + 2)2
B 4

Since P is true, and Pjq is true whenever Py is true,
then P, is true for all n € Z* {Principle of mathematical induction}

The sum of the first n odd numbers 1 +3+5+ 7+ .... +2n — 1 is the sum of the first n terms

of an arithmetic series.
ur=1,d=2 . up=ui+n—-1)d=14+2(n—-1)=2n—1.

Thus Sy, = g(Qul + (n—1)d)
= g(2>< 1+2(n—1))

:g(2+2n72)

= Z(n)

So, the sum of the first n odd numbers is n2.
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